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Abstract
As a consequence of the Erd}os{Szekeres theorem we prove that, for n large enough, any set
of kn points, in general position in Ed; d>3, can be partitioned into n convex subsets of size
k. Although this is far from being true for d = 2, we nd the exact conditions under which,
for suciently large n, any set of 4n points, in general position in the plane, can be partitioned
into n convex quadrilaterals. Moreover, we design an ecient algorithm which either nds such
a partition, or indicates that such a partition does not exist, thus answering a question of Joe
Mitchell. ? 2001 Elsevier Science B.V. All rights reserved.
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algorithms
1. Introduction
A set of at least d+ 1 points in d-dimensional Euclidean space Ed is said to be in
general position if the ane hull of any d + 1 of the points is the whole space. In
their classical paper written in 1935, Erd}os and Szekeres [6] proved that, for any n>3,
there is a smallest integer f(n) such that any set of at least f(n) points, in general
position in the plane E2, contains the vertex set of a convex n-gon. In fact, they proved
the following quantitative result.
Theorem 1.1 (Erd}os and Szekeres [6,7]). 2n−2 + 16f(n)6( 2n−4n−2 ) + 1.
Various extensions of this result, and its relation to Ramsey theory are explored in
[9,18]. Although the lower bound is conjectured to be sharp, slight improvements on
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the upper bound were obtained only recently, rst by Chung and Graham [5], then by
Kleitman and Pachter [14], and subsequently by Toth and Valtr [17].
Theorem 1.2 (Toth and Valtr [17]). f(n)6( 2n−5n−2 ) + 2.
Much less is known about the situation in higher dimensions. Let, for n>d>2;
f(n; d) denote the smallest integer such that any set of at least f(n; d) points, in
general position in Ed, contains n points which are the vertices of a convex polytope.
(Such a set of n points will be referred to as a convex set of size n, or simply as a
convex n-set.) Thus, f(n) = f(n; 2).
The study of f(n; d) has not received much attention until recently, when Bisztriczky
and Soltan [3] proved that f(n; d) equals the smallest integer h such that any set of at
least h points, whose ane hull is Ed, contains n points whose ane hull is Ed, and
which lie on the boundary of their convex hull. They also determined that f(6; 3)=9.
A variation of the problem, concerning the existence of empty convex polytopes (see
[11] for the planar case), was studied in [19,3,2]. It follows from a result of Bisztriczky
and Soltan [3] that f(n; d)62n− d− 1 for d+ 16n6b3d=2c+ 1.
Grunbaum [10] introduced f(n; d) and established its existence for every n>d via
Ramsey’s theorem. To obtain a more eective upper bound, project any set of f(n; i)
points, in general position in Ed, to a suitable i-at so that the image is a set of f(n; i)
points, in general position in Ei. Consider any convex set of size n in the image, its
inverse image is a convex n-set in the original space. This shows that f(n; d)6f(n; i)
for 26i6d. We will slightly improve upon this upper bound in Section 2.
If we are given at least f(n; d) points, in general position in Ed, we can nd and
isolate a convex n-set. Repeating this process, eventually we obtain a partition into
convex n-sets, and a remaining set of size <f(n; d). For convenience, we refer to
such a partition as a Ramsey-decomposition. Note that the convex hulls of these n-sets
are not required to be disjoint.
Let us dene the Ramsey-remainder rrd(k) as the smallest integer such that any
suciently large set of points, in general position in Ed, can be partitioned into convex
sets of size >k and a remaining set of size 6rrd(k). Clearly rrd(k) exists and is less
than f(k; d).
The Ramsey-remainder rr(k) = rr2(k) was introduced by Erd}os et al. [8] in a more
general combinatorial framework, motivated by Lonc and Truszczynski [15] and Caro
and Tuza [4]. Note that rr(3) = 0, but rr(4) = 1 [8] and rr(k)>1 for k>4. The last
assertion is made obvious by the conguration depicted in Fig. 1, where point p is not
contained in any convex k-gon for k>4. Here p1p2 : : : pn−1 is a convex (n− 1)-gon
contained in triangle pp1pn−1. Note that any two such sets have the same order type
which we will call En.
In contrast to this, there are no similar obstructions in higher dimensions. Indeed,
we will show in Section 2 that rrd(k) = 0 if d>3.
Turning back to the planar case, the observation f(4) = 5, also known as Esther
Klein’s theorem, implies that any set of points, in general position in the plane, can
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Fig. 1. A conguration of type En.
be partitioned into convex quadrilaterals, and a remaining set of at most 4 points.
It is also inherent in [8] that any suciently large set of points, in general posi-
tion in the plane, can be partitioned into convex quadrilaterals, at most three con-
vex pentagons, and in certain cases, a remaining singular point. Interested in possible
applications for quadrangular mesh generation, Mitchell [16] proposed the following
problems.
Problem 1.3 (Mitchell [16]). (i) Is there any fast algorithm which decides if a given
set of 4n points, in general position in the plane, can be partitioned into n convex
quadrilaterals?
(ii) Is there any fast algorithm which decides if a given set of 4n points, in general
position in the plane, can be partitioned into n convex quadrilaterals whose convex
hulls are pairwise disjoint?
The main part of the present paper is sentenced to the study of the rst problem.
We nd in Section 3 a necessary and sucient condition under which the desired par-
tition exists. Section 4 contains a complete geometric characterization of the sets that
do not satisfy this condition. Based on all these considerations, we design in Section
5 an O(n log n) time algorithm (as far as the number of arithmetic operations is con-
cerned) which either nds such a partition, or indicates that such a partition does not
exist.
Thus, we give an armative answer to the rst question. However, it is unlikely
that our ideas can be adopted to solve the second problem, which is certainly more
interesting, but seems to be more dicult, too.
2. Erd}os{Szekeres bounds and Ramsey-no-remainder for convex sets in space
We start with a modest improvement on the f(n; d)6f(n; d− 1) bound mentioned
in the introduction.
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Proposition 2.1. If n>d>3; then f(n; d)6f(n− 1; d− 1)+1. Therefore; f(n; d)6
f(n− d+ 2; 2) + d− 2.
Proof. Let P be any set of f(n − 1; d − 1) + 1 points, in general position in Ed.
Let p be an arbitrary vertex of conv(P), and H any hyperplane separating p from
the rest of P. Consider P0 = fpq \ H j q 2 Pg. Since P is in general position in Ed,
so is P0 in H = Ed−1, and the map ’ :Pnfpg ! P0, dened by ’(q) = pq \ H ,
is bijective. There exists then a convex set K P0 of size n − 1 in H , and clearly
K = fpg [ f’−1(k) j k 2 Kg is a convex set in Ed of size n.
A juxtaposition of this result with Theorem 1.2 yields the following explicit upper
bound which is known to be tight for n= d+ 1 and n= d+ 2.
Corollary 2.2. If n>d>2; then f(n; d)6( 2n−2d−1n−d ) + d.




n), see [13] for a detailed proof.
The simple idea used in the proof of Proposition 2.1 has other interesting applica-
tions. For example, we can prove the following strong version of the Erd}os{Szekeres
theorem in d-space, d>3.
Theorem 2.3. Let us be given positive integers k >d>3. If n is suciently large; then
any set of n points; in general position in Ed; can be partitioned into bn=kc−(nmod k)
convex sets of size k and nmod k convex sets of size k + 1.
Corollary 2.4. If k >d>3; then rrd(k) = 0.
The proof of Theorem 2.3 depends on the following observation.
Lemma 2.5. Let k >d>3 be given. There exists a smallest integer n(k; d) such that;
if P is any set of at least n(k; d) points; in general position in Ed; and if p 2 P; then
there exists a convex k-set K such that p 2 K P.
Proof. We actually prove that n(k; d)62f(k − 1; d − 1). Indeed, let P be any set of
at least 2f(k − 1; d − 1) points, in general position in Ed, and p 2 P. Let H be any
hyperplane passing through p that does not contain any other point of P. Then one of
the open half-spaces supported by H contains at least f(k − 1; d− 1) elements of P.
Let H+ denote this half-space and P+=P\H+. Then p is a vertex of conv(P+[fpg),
and we can proceed as in the proof of Proposition 2.1.
Proof of Theorem 2.3. Let n0=n+(f(k; d)−2)(k−1)−1, where n=maxfn(k; d); k2+
k−1g. Let P be any set of at least f(n0; d) points, in general position in Ed, and K P a
convex set of size n0. Let fP1; P2; : : : ; Pl;Mg be a Ramsey-decomposition of PnK such
that jPij= k for 16i6l and jM j=y<f(k; d). Set M0 =M; N0 = ;, and suppose that
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we have already dened pairwise disjoint convex k-sets N1; : : : ; NhM [ K such that
jNi\M j>1 for 16i6h. If Mh=Mn(
Sh
i=1 Ni) 6= ;, then h<y. That is, h6f(k; d)−2,
and Kh = K [ Mn(
Sh
i=1 Ni) has at least n
>n(k; d) elements. Thus, Lemma 2.5 can
be applied to nd a convex k-set Nh+1Kh which intersects Mh. At the end we have
Mz = ; with some integer 06z6y. This time Kz K is a convex set having at least
n−k>k2−1 points which clearly can be partitioned into jPjmod k convex sets of size
k+1 and some convex k-sets. These sets, together with Pi (16i6l) and Nj (16j6z)
form the desired partition of P.
3. Partition into convex quadrilaterals
Consider any set P of points which are in general position in the plane, denote by
vert(P) the vertex set of its convex hull. Recall that C P is a convex quadrilateral
if jCj=4 and vert(C)=C. In the sequel, [ stands for the union of mutually disjoint
sets.
Theorem 3.1. Let P be any set of 4n points; in general position in the plane. There
is a positive integer n0 such that if n>n0; then the following two statements are
equivalent. (i) P can be partitioned into n convex quadrilaterals; that is; there exist
pairwise (vertex-) disjoint convex quadrilaterals C1; : : : ; Cn such that P =
Sn
i=1 Ci.
(ii) There is no partition P = A [ B such that jAj is odd and jA \ Cj is even for
every convex quadrilateral C P.
The following notion will be frequently used throughout the proof. A point p is
said to be a critical point of a set X if p 2 X and there is no convex quadrilateral
C such that p 2 C X . It is not dicult to see that p is a critical point of a set
fp; q1; q2; : : : ; qn−1g with n>5 if and only if there exists a permutation p1; p2; : : : ; pn−1
of points q1; q2; : : : ; qn−1 such that the conguration pp1p2 : : : pn−1 is geometrically
equivalent to the one depicted on Fig. 1. Note that if p is a critical point of X , and
p 2 Y X , then p is a critical point of Y , too.
Proof of Theorem 3.1. The implication (i) ) (ii) is straightforward for every positive
integer n. Let k0 and c0 be positive integers to be specied later, and n0 = df(k0)=4e.
Suppose that n>n0 and (ii) holds.
Step 1: Choose a convex subset K P of size jK j= k0.
Step 2: Let E denote the set of those points x 2 PnK for which there exists
Kx K; jKxj>k0−c0 such that x is a critical point of Kx[fxg. We have to distinguish
between two cases. If jEj is even, then let P0=P; K 0=K; E0=E. However, if jEj is odd,
then, because of (ii), there exists a convex quadrilateral C such that jC \ Ej is odd.
Let, in this case, P0 = PnC; K 0 = KnC and E0 = EnC. This way we obtain P0; K 0; E0
and J = (P0nK 0)nE0 such that P0 = K 0 [ E0 [ J P; jP0j 2 f4n − 4; 4ng; K 0K is
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convex, jK 0j>k0 − 3; E0E; jE0j is even, and
() for every y 2 J; LK 0; jLj>k0 − c0; y is not a critical point of L [ fyg, that is,
there exists a convex quadrilateral Cy such that y 2 Cy L [ fyg.
Step 3: Consider a Ramsey-decomposition of J into convex quadrilaterals with re-
maining set J 0; jJ 0j6f(4)−1=4. If jJ 0j61, let K2=K 0; J 2=J 0. If, however, jJ 0j>2,
then choose DK 0; jDj=5− jJ 0j, and a convex quadrilateral C0D[ J 0. Dene this
time K2 = K 0nC0; J 2 = J 0nC0. In each case we have K2K 0; jK2j>k0 − 6, jJ 2j61.
Choose now c0 = 6. If J 2 = ;, then let K3 = K2; P2 = (P0nJ )nC0. We have J 2 = fyg
otherwise. Let then L=K2, choose a convex quadrilateral Cy according to (), and let
K3 = K2nCy; P2 = ((P0nJ )nC0)nCy.
Step 4: We have P2 =K3[ E0, and PnP2 is already partitioned into convex quadri-
laterals. jP2j is divisible by 4, and K3K is convex with jK3j>k0 − 9. Consider a
Ramsey-decomposition of E0 into convex quadrilaterals with remaining set E2. Since
jE0j is even, we have jE2j 2 f0; 2; 4g. If E2=;, then let K7=K3. Otherwise, choose E3=
fe; fgE2. According to the denition of E, there exist Ke; Kf K; jKej; jKfj>k0−c0
such that e is a critical point of Ke [ feg and f is a critical point of Kf [ ffg.
Introduce K4 = Ke \ Kf \ K3, then jK4j>k0 − 21. If D0K4; jD0j = 3, then e is
a critical point of D0 [ feg and f is a critical point of D0 [ ffg, meaning that
these two sets are not convex quadrilaterals. On the other hand, there is a convex
quadrilateral C2D0 [ E3, and then E3C2. Dene K5 = K3nC2; E4 = E2nC2 =
E2nE3. Then K5K is convex, jK5j>k0 − 11. If E4 = ;, then let K7 = K5, oth-
erwise E4 = fg; hg, and there exist Kg; KhK; jKgj; jKhj>k0 − c0 such that g is a
critical point of Kg [ fgg and h is a critical point of Kh [ fhg. Introduce K6 =
Kg \ Kh \ K5, then jK6j>k0 − 23. If D2K6; jD2j = 3, then, as before, we can
nd a convex quadrilateral C3 such that E4C3E4 [ D2. In this case, dene
K7 = K5nC3.
Step 5: All the previous steps can be executed if k0>26. Then PnK7 is partitioned
into convex quadrilaterals, hence K7 is a convex set whose size is divisible by 4.
Thus, there is a Ramsey-decomposition of K7 into convex quadrilaterals, without any
remainder, and the proof is complete.
Note that the restriction n>n0 is essential in Theorem 3.1. Indeed, Fig. 2 depicts a
set of 8 points which fullls condition (ii), yet (i) is not satised.
However, the value of n0 provided by the above argument is very large (greater
than 222). Our next aim is to reduce this value through a modication of the original
proof.
The key point is the right choice of K . We chose K to be convex to ensure that in
the end K7 can be easily partitioned into convex quadrilaterals. To this end, K7 need
not be convex. In fact, it is enough to make sure that jvert(K7)j>5.
Lemma 3.2. Let P be any set of 4n points; in general position in the plane; whose
convex hull has at least 5 vertices. Then P can be partitioned into n convex quadri-
laterals.
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Fig. 2.
Proof. We may suppose that j = jPnvert(P)j64 (if not, then we consider rst a
Ramsey-decomposition of Pnvert(P) into convex quadrilaterals). If j = 0, we simply
partition vert(P) into convex quadrilaterals.
If j = 1, then ~P = Pnvert(P) = fqg. Dividing vert(P) with a line through q, one
part contains at least 3 points which can form with q a convex quadrilateral, and the
remaining points of vert(P) can be partitioned into convex quadrilaterals. Similarly, if
~P= fq; rg, then we can nd two points of vert(P) on the same side of line qr, which,
together with q and r, form a convex quadrilaterals.
If ~P = fq; r; s; tg, then we may choose a; b 2 vert(P) which lie on the same side of
line qr, then jvert(P)nfa; bgj>6, and we may choose c; d 2 vert(P)nfa; bg which lie
on the same side of line st, yielding two convex quadrilaterals abqr and cdst. The rest
can be partitioned as usual.
Suppose, nally, that ~P=fq; r; sg. The case jvert(P)j=5 can be checked by an easy
case analysis. Otherwise, select rst a; b; c 2 vert(P) such that triangle abc contains q.
As before, we may choose d; e 2 vert(P)nfa; b; cg which form a convex quadrilateral
with r and s, and we only have to notice that P0 = vert(P)nfd; eg has still at least 7
points, and inside vert(P0) there is only one point left, namely q. Thus, we can proceed
as in the case of j = 1.
This observation motivates the introduction of the following notion. For n>k>3, let
ck(n) denote the smallest positive integer c such that among any c points, in general
position in the plane, there exist n points whose convex hull has at least k vertices.
Obviously, ck(n) exists, and is not greater than f(n). It is not dicult to see that
c4(n) = d3n=2e − 1 and c5(n)>2n − 1. It follows easily from the ‘positive fraction’
version of the Erd}os{Szekeres theorem [1] that ck(n)6Ckn, where Ck is a double
exponential function of k. This upper bound can be reduced essentially. In particular,
c5(n)67n− 23. See [12] for details and further results.
Theorem 3.3. Theorem 3:1 is valid with n0 = dc5(32)=4e651.
Proof. We only sketch how one should modify the original proof of Theorem 3.1. If
it is not indicated otherwise, we proceed exactly as in the original proof.
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Fig. 3. Dierent types of biconcave 6-point sets.
Step 1: Choose a subset K P, of size jK j=k0 =32, whose convex hull has at least
5 vertices. Fix a subset K0 vert(K) with jK0j= 5.
Step 2: If jEj is odd, then choose any point p 2 E, and distinguish between two
cases. Suppose rst that p is a critical point of PnK , then (PnK)nfpg is a large convex
set of size >4n0 − 32− 1>31. In this case, change the notion of k0 and K according
to the original proof of Theorem 3.1 and proceed as it is described there. Otherwise,
choose a convex quadrilateral C with p 2 C PnK , and proceed as in Step 2 of the
original proof. Note that this time we have K 0 = K .
Step 3: When choosing D, take care that DK 0nK0. Then jK2j>k0 − 3, and
K0 vert(K2). Fix now c0 =8. If J 2 =fyg, then let L=K2nK0. Note that jK3j>k0−6.
Step 4: K4 should be dened as (Ke \ Kf \ K3)nK0, then jK4j>k0 − 27. Note
that jK5j>k0 − 8 and K0 vert(K5). Similarly, let K6 = (Kg \ Kh \ K5)nK0, then
jK6j>k0 − 29 = 3.
Step 5: We have K0 vert(K7). According to Lemma 3.2, K7 can be partitioned
into convex quadrilaterals, completing the proof.
Note added in proof. Very recently G. Kun proved that Theorem 3.1 is valid with
n0 = 9.
4. A geometric characterization
The aim of this section is to describe all the dierent order types of point sets which
violate condition (ii) in Theorem 3.1. Somewhat more generally, we say that a set of
points P, in general position in the plane, is biconcave if it admits a partition into
two nonempty parts such that every convex quadrilateral C P has an even number of
vertices in each part. Such a partition is called a witness. This notion is interesting only
if P contains a convex quadrilateral, which is the case if jPj>5. It is easy to check
that a set of 5 points is not biconcave if and only if it is the vertex set of a convex
pentagon. Fig. 3 shows all possible order types (up to sign reversal) of biconcave sets
of 6 points. Note that three of these order types are the same but have dierent witness
partitions. The two missing types can be obtained from the last two types, respectively,
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Fig. 4. Congurations of type Q11(5) and T11(5; 3).
by reorientation of the plane. Thus, in the sequel we will study biconcave sets of at
least 7 points.
We have already seen that sets of order type En are biconcave. A witness partition
for the conguration of Fig. 1 is fA; Bg, where A = fpg and B = fp1; p2; : : : ; pn−1g.
We are going to dene some other order types of biconcave sets.
First, suppose that for some integer 26k6bn=2c; P=fp1; p2; : : : ; pk ; q1; q2; : : : ; qn−kg
is such that A= p1p2 : : : pk and B= q1q2 : : : qn−k are both convex polygons (for con-
venience, we consider a line segment as a convex polygon), vert(P) is the convex
quadrilateral p1pkqn−kq1, and each of the lines p1p2; pk−1pk; qn−kqn−k−1; q2q1 weakly
separates A and B. All such sets P have a common order type that we denote by Qn(k).
If we denote the intersection of diagonals p1qn−k and pkq1 by m, the last condition is
equivalent to the condition that A and B are contained in triangles p1pkm and q1qn−km,
respectively. It is clear that P is biconcave with witness partition fA; Bg.
Next, suppose that for some integer 16i6n − 3; P = fp1; p2; q1; q2; : : : ; qn−2g is
such that B= q1q2 : : : qn−2 is a convex polygon contained in triangle p2q1qn−2, which
is contained in triangle p1q1qn−2 such that line p1p2 intersects side qiqi+1 of B. Then
B [ fp2g is of type En−1, P is biconcave with witness partition ffp1; p2g; Bg, and P
belongs to a unique order type we denote by Tn(2; i).
Finally, suppose that P=fp;p1; p2; : : : ; pk−1; q1; q2; : : : ; qn−kg (36k6n−2, 16i6n−
k − 1) is such that A=pp1p2 : : : pk−1 and B= q1q2 : : : qn−k are convex polygons con-
tained in triangle pq1qn−k ; p1pk−1qn−kq1 is a convex quadrilateral, each of the two
lines p1qn−k and pk−1q1 weakly separates A and B, and lines pp1; ppk−1 intersect
side qiqi+1 of B. Then Pnfpg is of type Qn−1(k − 1) or Qn−1(n − k); P is bicon-
cave with witness partition fA; Bg, and P represents a unique order type we denote by
Tn(k; i) (Fig. 4).
Theorem 4.1. Let P be a biconcave set of n>7 points. Then P belongs to ex-
actly one of the following order types: En; Qn(k) (26k6bn=2c); Tn(k; i) (26k6n−
2; 16i6n− k − 1). Moreover; P admits a unique witness partition.
Proof. Let fA; Bg be a witness partition for P. We prove rst that jvert(P)j64. By
way of contradiction, assume that conv(P) has at least 5 vertices. If all of them belong
to the same partition class, say A, then consider any point x of B, then x lies in the
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interior of conv(P), and there are 3 vertices of conv(P) which, together with x, form
a convex quadrilateral, a contradiction. On the other hand, if vert(P) intersects both A
and B, then it has at least 3 elements in one of the classes, say A. These 3 points of
A form a convex quadrilateral with any point of B \ vert(P), a contradiction in this
case, too.
Suppose next that jvert(P)j= 4. We will prove that in this case P is of type Qn(k)
for some k. Notice rst, that no 3 vertices of conv(P) may belong to the same partition
class, thus jA\ vert(P)j=2. These two points cannot be opposite vertices of conv(P).
Thus, vert(P) is a convex quadrilateral pqrs, where p; q 2 A; r; s 2 B. Let m denote
the common point of diagonals pr and qs, then triangle pqm contains A and triangle
rsm contains B.
Proposition 4.2. Suppose that Q \ A 6= ; and Q \ B 6= ; for some QP. Then Q is
biconcave with witness partition fQ \ A; Q \ Bg.
Consider now the set B0 = B [ fpg. In view of the proposition, B0 is biconcave
with witness partition ffpg; Bg. That is, p is a critical point of B0, which implies (see
our remark preceding the proof of Theorem 3.1) that B is the vertex set of a convex
polygon. A similar argument yields that A is a convex set, too. Thus, P is of type
Qn(k), where k =minfjAj; jBjg.
Finally, we study the case of jvert(P)j=3. It is easy to check that vert(P) intersects
both partition classes. Therefore, we may assume that vert(P) \ A contains exactly 1
element which we denote by x. If jAj=1, then we have already found that P is of type
En. If jAj = 2, say A = fx; yg, then it follows from Proposition 4.2 that both B [ fxg
and B [ fyg are of type En−1, in particular, the convex hull of B [ fyg is a triangle
one of whose vertices is y. Since y 62 vert(P), it follows that P is of type Tn(2; i) for
an appropriate i. To complete the proof, assume that jAj>3. Consider P0=Pnfxg, it is
biconcave by Proposition 4.2. Were conv(P0) a triangle, one could easily nd a convex
quadrilateral which contains exactly 3 vertices of A. Indeed, if n>8, then notice rst,
as above, that exactly one vertex of P0 belongs to A, and in the case n=7, use Fig. 3
to nd the convex quadrilateral. Thus, jvert(P0)j=4 and P0 is of type Qn−1(‘), where
either ‘ = n − jAj or ‘ = jAj − 1. Moreover, fAnfxg; Bg is a witness partition for P0.
In particular, B is the vertex set of a convex polygon. Let vert(P0) \ A= fy; zg, then
it is easy to check, that lines xy and xz must intersect the same two sides of conv(B).
Therefore, there is an integer 16i6n − jAj − 1 such that P is of type Tn(jAj; i), and
the proof of Theorem 4.1 is complete. The \moreover" part follows along the same
lines.
5. Algorithms
Theorem 5.1. There is an O(n log n) time algorithm which decides if a given set of
n points; in general position in the plane; is biconcave.
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Proof. Let P be any set of n>7 points, in general position in the plane. Compute
rst the convex hull of P, this can be done in O(n log n) time. If jvert(P)j>5, then P
is not biconcave, according to Theorem 4.1. If jvert(P)j = 4, we only have to check
if P is of type Qn(k) for some k. This can be done as follows. The convex hull
of P has two diagonals which divide conv(P) into 4 triangles. Check, in O(n) time,
if the points of P are contained in two opposite triangles. If not, then P cannot be
biconcave. Otherwise, let fA; Bg; jAj6jBj, denote the partition of P induced by these
two triangles. Compute the convex hulls of A and B. If vert(A) = A and vert(B) =
B, then P is of type Qn(jAj), thus biconcave. Otherwise P cannot be biconcave, by
Theorem 4.1.
Suppose nally that jvert(P)j=3. First we check if P is of type En, this can be done
easily in O(n log n) time, see e.g. Lemma 5.4. If P is of type En, then we are done, P
is biconcave. Otherwise, we check if P is of type Tn(2; i) for some 16i6n− 3, this
can be done again in O(n log n) time, based on the fact that if P is of type Tn(2; i),
then there is a vertex p 2 vert(P) such that Pnfpg is of type En−1. If this is the case,
then again P is biconcave. Otherwise, it only remains to check if P is of type Tn(k; i)
for some 36k6n−2, 16i6n−k−1. This is again an O(n log n) time task, based on
the observation that if P is of type Tn(k; i), k>3, then there is a vertex p 2 vert(P)
such that Pnfpg is of type Qn−1(‘), where ‘= k − 1 or ‘= n− k. If it turns out that
P is of type Tn(k; i) for some k>3, then P is biconcave, otherwise we can conclude
that P is not so. This completes the proof of the theorem.
Corollary 5.2. There is an O(n log n) time algorithm which solves Problem 1:3(i).
The following stronger result can be obtained with a careful analysis of the proofs
of Theorems 3.1 and 3.3.
Theorem 5.3. There is an O(n log n) time algorithm which decides if a given set of 4n
points; in general position in the plane; can be partitioned into convex quadrilaterals.
Moreover; if the output is ‘YES’; the algorithm also returns such a decomposition.
Proof. Suppose that n>51. The algorithm proceeds exactly as the proof of Theo-
rem 3.3, which actually includes Steps 2{5 of the proof of Theorem 3.1 as well. If, in
Step 2, p is a critical point of PnK , then the algorithm redenes K and moves to Step 2
in the proof of Theorem 3.1. Here, the algorithm redenes E, and, if jEj is odd, it
searches for a convex quadrilateral C such that jE \ Cj is odd. If no such convex
quadrilateral is found, then the output is ‘NO’, by Theorem 3.3. In any other case, the
algorithm ends with a partition of the given set into convex quadrilaterals.
As for an analysis of this algorithm, rst note that a Ramsey-decomposition of E
and J , respectively, can be obtained in O(n) time. Apart from this, Steps 1 and 3{5
(both in Theorems 3.1 and 3.3) require only a constant number of operations.
In Step 2, E can be found again in linear time. More time consuming may be to
check if p is a critical point of PnK , and to nd an appropriate convex quadrilateral,
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if it were not the case. Nevertheless, it can be executed in O(n log n) time, as it is
guaranteed by the following simple lemma.
Lemma 5.4. There is an O(n log n) time algorithm that; given a pair (X; p) consisting
of a set X of n>4 points; in general position in the plane; and a point p 2 X; decides
if p is a critical point of X . Moreover; if the output is ‘NO’; then the algorithm also
returns a convex quadrilateral C such that p 2 C X .
Proof. Sort the points of X nfpg in order of visibility from p. This can be done in
O(n log n) time. Let pn = p1; p2; : : : ; pn−1 = p0 be the points of X nfpg in this order.
If, for any 06i6n− 2, the quadrilateral Ci =ppipi+1pi+2 is convex, then the output
is ‘NO’, and the algorithm returns C = Ci. If, however, Ci is not convex for each
06i6n − 2, then the output is clearly ‘YES’, if n = 4, and, if n> 4, then it is not
dicult to see that the conguration pp1 : : : pn−1 is of type En, that is, p is a critical
point of X , yielding a ‘YES’ output.
Returning to the analysis of the algorithm, we only have to examine what happens
in Step 2 of the proof of Theorem 3.1 if jEj is odd. In that case we have to decide
if there exists a convex quadrilateral C such that jE \ Cj is odd, and to nd such a
quadrilateral, if the answer is yes. Thus, Theorem 5.3 follows immediately from the
next result.
Theorem 5.5. There is an O(n log n) time algorithm that; given a set of n>5 points;
in general position in the plane; and a proper subset E of P; decides if P is biconcave
with witness partition (E; PnE). Moreover; if the output is ‘NO’; then the algorithm
also returns a convex quadrilateral C P such that jC \ Ej is odd.
The proof of this last result is a routine case analysis which follows patterns similar
to the proofs of Theorems 4.1 and 5.1. We leave the details to the interested reader.
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